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V. V. BULDYGIN AND I. P. BLAZHIEVSKA

ON ASYMPTOTIC BEHAVIOR OF CROSS-CORRELOGRAM
ESTIMATORS OF RESPONSE FUNCTIONS IN LINEAR VOLTERRA
SYSTEMS

The problem of estimation of an unknown response function of a linear system with
inner noises is considered. We suppose that the response function of the system
belongs to L2(R). Integral-type sample input-output cross-correlograms are taken
as estimators of the response function. The inputs are supposed to be zero-mean
stationary Gaussian processes close, in some sense, to a white noise. Both the as-
ymptotic normality of finite-dimensional distributions of the centered estimators and
their asymptotic normality in the space of continuous functions are studied.

1. INTRODUCTION

In this paper, we consider a time-invariant casual continuous linear Volterra system
with inner noises and a response function H(7),7 € R. It means that the real-valued
function H satisfies the condition H(7) = 0, 7 < 0, and the response of the system to
an input process X (¢), t € R, has the form

(1) Ut) = /OOo H(D)X(t =) dr + Z(0),

where the process Z(t), t € R, describes inner noises of the system.

One of the problems arising in the theory of such systems is to estimate or identify the
function H by observations of responses of the system to certain input signals. While
solving this problem, different statistical approaches along with various deterministic
methods are used. These statistical approaches are based on a perturbation of the system
by stationary stochastic processes and the further analysis of some characteristics of
both input and output processes [2, 4, 5, 14]. The output process of the stable system
(H € L1(R)) has a spectral density, and a method of periodograms may be used for
the estimation [1, 3]. For an unstable system, it is reasonable to use other methods, in
particular, a method of correlograms. This method is based on constructing a sample
cross-correlogram between the input stochastic process similar to the white noise and
the response of the system ([6], [10]). Such an approach is not applicable in practice
because the simulation of the white noise is impossible. In fact, we always deal with
a sequence of stationary Gaussian processes that disturb the system and depend on
a certain parameter A € (0,00) and such that their spectral densities converge to a
constant as A — oco. Sample correlograms between input and output processes are taken
as estimators for H ([9], [11]-[13]).

Here, we use the method of correlograms for the estimation of the response function
H € Ly(R). Such an assumption makes it possible to consider unstable systems with
resonant singularities. This paper continues the research of ([7], [9]) and focuses on
the asymptotic normality of integral-type cross-correlogram estimators in the space of
continuous functions.
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2. PRELIMINARIES

Assume that (Xa(t), t € R), A > 0, is a family of measurable real-valued stationary
zero-mean Gaussian processes that disturb the system (1). Let (fa(A), A € R), A >0,
be a family of spectral densities of the processes Xa. We suppose that these functions
are nonnegative, continuous, and satisfy the conditions

(2a) faA) = fa(=2), A e R;
(2b) sup [ fafloc < 00
A>0
(2¢) fa € Li(R);
(2d) Jee€ (0,00) Va € (0,00): lim sup |[fa(N)— i‘ =0
A—o0 _g<i<a 2
(2e) Kx, € L1(R),
where Kx, (t f e fA(t)dt, t € R, is the correlation function of Xa.
These condltlons are satisfied, for example, by the function
c A2
fa(\) = . €XP (_K) , A€ R.
By (1), the reaction of the system on an input signal Xa is represented by
3) Ua(t / H(r)Xa(t —7)dr+ Z(t), t € R.

We assume that the inner noise (Z(t), t € R) is a separable real-valued stationary zero-
mean Gaussian process which is orthogonal to Xa; that is, EXa(s)Z(t) =0, s,t € R.
Let (g(A), A € R) be the spectral density of the process Z. It is a nonnegative measurable
function which satisfies the conditions

(4a) 9(A) = g(=2);
(4b) ge Li(R).
The so-called cross-correlogram (or sample cross-correlation function)
~ 1 [T
(5) Hra(r) = — / Ua(t+7)Xa(t) dt, 7> 0,
0

will be used as an estimate for H. Here, c is the constant from (2d), and T is the length
of the averaging interval. The integrals in (3) and (5) are interpreted as mean square
Riemann integrals.

Denote, by

H*(\) = / eMH(t)dt, N €R,
— 00
the Fourier—Plancherel transform of H € La(R) (see [17]).
Along with the process (Hr a(7), 7 > 0), we consider the process
(6) Aq (1) = VT[Hpa(r) — EHp (7)), 720,

where EHp A(7) = 1 fo Kx, (T —s)H(s)ds.
In the statement below we obtain a form of the correlation function of (Ap a(7), 7>
0).

Lemma 2.1. Assume that H € La(R) and g € L1(R). Then the equality

21

(7) EA7p A(T1) A7, A(T2) c_/ / ’(Tl 72)& (|H*(X2)| fA(/\g)+g()\2))
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+ei(“’\1+”’\2)H*(Al)H*()\g)fA()\g)} Dr(Aa — A1) fa(A) dhidra
holds for all 11,70 > 0. Here, ®p is the Fejer kernel; that is,

Br()\) = 21T (Si“(;;;/ 2>) ,A€R.

Proof. The proof of Lemma 2.1 is standard (see [12]). O

3. ASYMPTOTIC BEHAVIOR OF THE CORRELATION FUNCTION OF Ap A

In this section, we consider the asymptotic behavior of the correlation function of
A a as T and A tend to infinity. In what follows, we write (T, A) — oo if both T' — oo
and A — o0.

For all 71, 75 > 0, set

(8) Coo(T1,72) =

1 [T, ) |
= o [31(7’172))\ (|H*(/\)|2 + ?ﬂg(/\)) + ez(nJr‘rz))\(H*(/\))g QL

Note that the function Cy is well-defined and continuous, since H € L2(R) and g €
Li(R).
Theorem 3.1. Assume that H € La(R) and g € L1(R). Then the equality
(Tgl)fn EAp A(T1)Ar.A(T2) = Coc (11, T2)
holds for all 71,70 > 0.
Corollary 3.1. Assume that H € Ly(R) and g € L1(R). Then the equality
~ 1
plim TE\Hr.a(7) = EHr a(r)[* = —[lglh + | H|3 + /H(t)H(QT —t) dt
holds for all T > 0.

Remark 3.1. Theorem 3.1 weakens conditions of Lemma 4 in [9].

Proof. To prove Theorem 3.1, we use some general results stated in [11, 12] and break
up the proof into three steps.
At Step 1, we prove the equality

(9) plim G () = CQ (),
where
2 o0 o0
e .
C(TA (11, 72) = == / /e“ﬁ—ww|H*(A2)|2fA(A1)fA(A2)cI>T(A2 — A1) dAid)\;

and

1 [ .

WO (ry,ry) = 2—/ G AR A, 1,7 > 0.
m — 00
At Step 2, we prove the equality

(10) (ngflooc(TA(Thﬁ) C2 (11, 72),
where

~ 21

C(T?)A(Tl,rz)zc—Q/ / TN T (VT (\a) fa (M) fa (A2) B (Ao — At ) dAsdAg
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and
1 [ .
CP(r,m) = 2—/ eI H(N)2dA, 11,72 > 0.
™ — 00
At Step 3, we prove the equality
(1) plim  CPA(m ) = €D (n,m),
where
2 (o] (oo}
C%A 7-177—2 = C_7T / / 61(7—1 Tz))\zfA /\1) (AQ)‘I)T()\Q — )\1)d)\1d/\2
and

. 1 oo
CQ (11,72) = —/ 61(71772))‘90\) dX\, 7,72 > 0.
c — 00
Step 1. Observe that, for all 71, 70 >0, T'> 0, A > 0 and each b > 0, the equality
~ 1
OO (11, 1) — CE A (1, m) = 5[ () + (b, T, A) +da(b, T, A)]
holds, where

dy(b) = / TN () 2[L — Iy oy (V)] A,

(b, A) / / TN () T 2,72 (00) 1~

_ (2_7T>2fA()\1)fA(/\2)} Br(ho — M) dhidda,

c

ds(b,T,A) = <?) / /ez(ﬁ 2 H* (X)) |1 j2,/21(N2)—

=1 faM) fa(P2)@r (A2 — A1) dhidAs
and I|_y/2,5/2) denotes the indicator of [~b/2,b/2].

By the inequality |d;(b)] < [ |H*()\)|?d\, one has
IA[>b/2

(12) di(b) = 0 as b— oo,

since |[H*|? € L1(R).
Since ||®r||; = 1, the following inequality holds for any b > 0, T'> 0 and A > 0:

|do (b, T, A)| < By (T, A) + By (T, A).

Here,

Bl (T7 A) = ‘ / /D ei(7'1—7'2))\2 |H* ()‘2)|21[7b/2,b/2] (/\2) {1_
b
2
() satnsa00] 0 - n)anan)
By(T,A) = ‘ /AQ\D ei(T1—T2) A2 |H*(>‘2)|2I[—b/2,b/2] (A2) [1_

(2:> FaOn)fa ()| @20z = A1) dhide|

and Dy, = [—b, b] x [—b,b].
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Since
2 ? * (|2
Bi(T,A) < sup 1= {— | fa(A)fa(r)| H"l3
(A1,22)€Ds ¢
and
2 2
(13) sup  |[1—=(— ] fa(M)fa(re)| <
(A1,A2)€Dy c

)

2T 2T
< [1+—sup|fA|oo] sup }1——fm>
C A>0 <A<b c

one has, by (2d), that B1(T,A) — 0 as (T, A) — oo.
For fixed b > 0, put I1(b/2) = {(A1, A2) € R? : |2 — A\1] < b/2}. Since

By(T,A) S// |H*(/\2)|21[—b/2,b/2]()\2)‘1_
R2\II(b/2)

_ (27T>2fA(/\1)fA(/\2)}q>T(/\2 — A1) dAdAg <

c

2
27
<[t (Zawisale) |18 [ @ro)an
C A>0
[A|>b/2
and, for any b > 0,
lim Br(\)dA =0,
T—00 JIx|>b/2
we have By(T,A) — 0 as (T, A) — oo. Hence,
(14) lim  dy(T,A) =0

(T,A)—o0
since |da| < B1(T,A) + Bo(T, A).
For any b > 0, T' > 0, and A > 0, one can obtain that

2 2
ds(b, T, A) < (l sup |fA||OO) / |H*(\)[2 dA.
C A>0 [A|>b/2

Since the inequality above is uniform in 7' > 0, A > 0, and |H*|?> € L;(R), we have
(15) sup |d3(b,T,A)| =0 as b— oo.
T,A>0

By formulas (12), (14), and (15),

lim sup |Cé<1>)(71,72) - a(Tl)A(TlaT2)| <
(T,A)—o0 '

1
< o [ lim sup |dy (b)] 4 lim sup < limsup |da(b, T, A)|> +
m

b—oo b—oo (T,A)—o0

+ lim sup < limsup |ds(b, T, A)|> } = 0.

b—oo (T,A)—o0

Thus, formula (9) holds.

Step 2. Consider the space Cy(R) of all complex-valued continuous functions with
compact support defined on R. This means that if h € Cy(R), then h is continuous on
R, and there exists a positive number ag(h) such that h(A) = 0 for |A| > ag(h). Note
that any h € Cp(R) is a uniformly continuous function.

In the integral representation of the correlation function of Ay A (see (7)), the func-
tions (H* (N)ei™ A\ e R) € L2(R), k = 1,2, appear. Since Cy(R) is dense in Ly(R),
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for any € > 0 and all A € R, we can choose functions hf, € Cyo(R), k = 1,2, such that

[H*(Ne' ™ = hi (V)2 < e.
For all 71, 2 >0, T'> 0, A > 0 and any € > 0, the equality

1
OQ(71,72) = Cf A (r1, ) = 5lda () + da(e, T A) + ds(e, T, A)]
holds, where

di(e) = / [T (A)? — B ()5 ()] d,

da(e, T,A) =

7/13‘ AR5 () dA — //h§ (A1)h5(\2)

— 00 —00

(2:) fA(/\l)fA()\Q)] O (e — A1) dA1d)a,
ds(e, T,A) =

/ / [h5 (M)h§(A2) — e (T AFm222) [ (N ) H* (\)]

x [(2”) Fa(\) fA(AQ)] Or(N2 — A1) dArdo.

The Cauchy—Schwarz inequality implies that |di ()| < e [2||H*||2 + €], hence
(16) di(e) > 0 as € — oo.
By the Young inequality for convolution [16] applied to ds, we have

27\ 2
il 8) < () ol e 20 +<1.

Since, for any € > 0, the inequality above is uniform in 7' > 0, A > 0, one has

(17) sup |ds(e, T,A)| — 0 as € — oo.
T,A>0

Now, we consider the value of ds and note that, for any ¢ > 0, T'> 0, and A > 0, the
inequality
|d2(€7 T, A)| <k (67 T) + E2(€7 T, A)

holds, where
Eqi(e,T) = /h‘i(A)h%(A) d\ — / /h (AM)RS(A2)Pr (A2 — A1) dAid g
oo

— 00 —O0

and

(e. T, A) U / S Oa) [1— (2—”> A fa(ho)

For fixed ¢ > 0, define the set TI(g) = {(A\1,X2) € R? : |[A\a — A\;| < &}. From the
inequality

Or(Ag — A1) dArdy |-

Fy(e.T) < / / 115 )15 () — h5 () @1 (o — Ar) dArdAa+

II(e)

w [ [ 0RO - B0DlRr0e - A dhdre <

R2\II(e)
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< ||he € e 20175 o ® 7
<l |, max 500~ 150)| + 2005l [ Br(h) i
[A|>e

it follows that

(T,A)—o0 £—00 (T,A)—o0

limsup Ej(e,T) = limsup < lim sup El(E,T)> =0,

since h§ is uniformly continuous, and, for any € > 0, lim [ ®¢(\)d\ = Oholds.
TN\ >e
Put b = max{ag(h5),ao(h§)}. Since {h5, h5} C Co(R) and ||Pr||1 = 1, the following
inequality holds for alle > 0,7 >0, and A > 0:

B8 < [ [ Isonimses) 1—(2—”) Fa()fa ()] 210 — M) dAddot
Dy,

c

Br(Ay — M) dAhrdAs <

+/ / |hi<A1>||h§<Az>|1—(2%)2fA<A1>fA<A2>

R2\II(b/2)
2 2 £ 5
<  sup L—{— fa)fa@)| IRTll2]lIA5]l2+
(A1,X2)€Dy ¢
2 2
e (Z s sl ) | Wslelitil [ @y an
C A>0

[A|>b/2
By (13), the equality

limsup Eo(e,T,A) =0
(T,A)— o0

holds for any € > 0, since, for any b > 0,
lim / Op(N)dA=0.

T—o0
[A|>b/2
Thus, the inequality |do| < E1(e,T) + E2(e, T, A) yields
(18) limsup da(e,T,A) = 0.
(T,A)—o0

By formulas (16)-(18), we have, for 7,73 > 0,

limsup |CP) (1, 72) — éé“%)A(TlaTQM <

(T,A)— o0
1
< — {hm sup|di(¢)| + limsup [ limsup |d2(e, T, A)| | +
2rl o e—0  \(T,A)—oo

+1imsup<limsup |d3(e,T,A)|> } —0.

e—0 (T,A)—o0
Thus, the formula (10) holds true.

Step 3. Observe that, for all 71,79 >0, T > 0, and A > 0, the equality

CO(11,m) — CP\ (r1,m2) =

T c / / el(nr) {g - fA(Al)} g(A2) P (A2 — A1) dAidAg

—00 —00

holds, since @7 is an even function, and ||®7|j; = 1.
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For any b > 0, we define the set P(b,b) = {(\1,\2) € R?: |X\2 — A\;| < b}. Since

Ji(b,T,A) = / / ei(m—T2)A2 {i—fA(/\l)} 9)Br(a — A1) dhidrs| <

2m
P(b,b)
< swp_[5m = 1aO)| ol
—b<A<
we have, by (2d) and (4b):
(19) limsup Ji(b,T,A) = 0.
(T,A)—o0

For all 71,7 >0, T > 0, A > 0, and given b > 0, consider the relation

Jo(b, T, A) = ir=mha [ 2

2( P ) / / e o
R2\P(b,b)

C
s[2—+sup|fA||oo] lglh / By (N) dA.
™ A>0
|A|>b

~ Ja00)] gR2)@r (e = M) dhidrs| <

Since, for any b > 0,
lim Or(N)dX\ =0,

T—o0
[IA|>b
the inequality above yields, by (2b) and (4b),
(20) limsup Jo(b, T, A) =limsup | limsup Jo(b,T,A) | =0
(T,A)—c0 b—o0 (T,A)—o0

From formulas (19) and (20), one can obtain for all 74,7 > 0 that

limsup |C) (11, 72) — 6(T3)A(Tla72)| <
(T,A)— o0 '

2T
< ) [hm sup < limsup Ji(b, T, A)) + lim sup < limsup Jy(b, T, A)) =0.

b—oo (T,A)—o0 b—oo (T,A)—o0
Thus, formula (11) holds true.
Summarizing, we have, for all 7,7 > 0:
3

(TBILOOCTA(T“TQ) ;(ngn C(T])Aﬁﬂ Zc(j)TlaTQ = Coo(11, T2).

Theorem 3.1 is proved. O

4. ASYMPTOTIC NORMALITY OF FINITE-DIMENSIONAL DISTRIBUTIONS OF AT,A

Theorem 3.1 demonstrates that the function C, defined in (8) is positive semidefinite
on [0,00) x[0,00). So, there exists a zero-mean real-valued Gaussian process (A(7),7 > 0)
with a correlation function C; that is,

EA(11)A(12) = Coo (11, T2).
Without loss of generality, we assume that the process A is defined on the same proba-
bility space as the processes A a.

Theorem 4.1. Assume that H € Lo(R) and g € L1(R). Then the equality

m
(21) T%ILOOE HATA )| = E j];[lA(rJ)

holds for any m € N and any 11, ..., T, > 0.
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In particular, all finite-dimensional distributions of the process (Ar.A(T), T > 0) con-
verge weakly to the corresponding finite-dimensional distributions of the Gaussian process
(A(r),7 = 0).

Remark 4.1. Theorem 4.1 refines results of [9] (see Theorems 1 and 2).

Proof. To prove Theorem 4.1, we apply the Brillinger’s method of cumulants [5] rein-
forced by the results concerning the integrals involving the cyclic products of kernels
[13].

Let m € {1,2}. The statement of Theorem 4.1 is true, since the processes Ap A and
A are centered, and the conditions of Theorem 3.1 are satisfied.

Let m e N\ {1,2}; 7; >0, j =1,...,m, and let

cum Ay A (715 ooy Trn) = cum(Ar aA(71), ..., A1, A(Tim))

be a joint simple cumulant of the family of random variables Ap a(71), ..., Ar.A(Tm)-
Since the moments of a random vector are uniquely determined by its cumulants [5], and
because the Gaussian distribution is uniquely determined by its mean and correlation
matrix, we need to show that

(22) o EI)ILoocumAT’A(Th ey Tm) = 0.

General properties of cumulants and definitions of the process Ar A and the estimator
Hr A (see (6) and (5), respectively) imply that

(23) UM AL A (TLy ooy Tin) =

m T T
1 \7?2 .
= ((EQ—T) /.../Cum(UA(tj + 7)) XA(t;), 5 =1,...,m)dt1...dty,.
0o 0

Let us apply Theorem 2.3.2 in [5] to the integrand in (23). Because Xa and Ua are
zero-mean jointly Gaussian processes, we obtain

(24) cum(Ua (t; + 7)) Xa(t5), 5=1,....m) = Z ﬁ cum(DI(JQ)),

where the summation is extended over all unordered indecomposable partitions of the

table
Ua(ti+71)  Xa(th)
Ua(ta +7m2) Xal(te)
Dmx2 = : .
Un(tm + Tm) XA(tm)
into the pairs {D§2)7 cny Dg)}.

Since the order of elements in the partition {Df)7 - Dg)} is of no importance, we
can always assume that this partition satisfies the following conditions (see [13]): (1)
DZ(,Q) ﬂD((ZQ) =g forp+# q; (2) Dinxa = D§2) U.. UDg); (3) if m > 3, then, for any p, the
set D,(,Q) does not coincide with any of the rows Ry, ..., Ry, of the table D, x2; if, moreover,

1 < v < m, then the union of any set of elements in the partition {DEQ)7 - Dg)} should
not coincide with the union of any v rows of the table D,,«2; (4) for any p = 1,....m —1,

there exists exactly one row R, of the table D,, x> such that R, C D | D;(jzﬁ (5) Ry C

DEQ) U D). This means that the elements of the unordered indecomposable partition
{DEQ), e Ds,%)} hook each other sequentially and exhaust all the table D,,x2, and Dg)
hooks back to D%z).

In what follows, for a given DZ(,Q), we write DZ(,Q) = D;Q.]),, where j and ; are row

)

numbers of those two rows of D,,x2, whose elements form the set D,(,2 . Thus, any
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unordered indecomposable partition {D(Q) D(z)} can be written as
S RNe) @) e
{Djl ,J20 D]2 FEREN D]m 15 Jm” Jm,Jm+1}7
where (j1, ..., jm) is such that j1 = 1, (j2, j3, ..., Jm) is a perturbation of {2,3,...,m},
and jm+1 :jl =1. _

The further analysis of the structure of D) shows that we can distinguish three
groups of its elements. The first group is formed by unordered sets having the form
D;Q.} = {Xa(tj), Xa(t5)}, 7 # j. The second group contains unordered sets which can
be represented as follows: DJ(Q-} = {Ua(tj; + 75), Ua (t; + ’7'3’)}, j# j. Finally, the third
group is formed by unordered sets of the form D§2;) = {Ua(t; + 75), XA(t;)}, i # 7.
Denote these three groups by Gl(l_)>(2)), G2(5(2)), , and G3(l_)>(2)), respectively, and let

— — —
m,(D®) be the cardinality of G, (D®)), v =1,2,3. It is clear that, for any D®),

(25) my(D®) = my(D?); Z my,(D®) =

Further, 1fD ey (D(Q)), then
cum(DP) = EXA(t))Xa(t) = Kxo(t; —t=) = [ G759 fA(N) d);
j,; Al\lj A P Xal\ly j A\AG J
—00

if D ) € Gy (D(Q))7 then
cum(Dj(])) EUA(t; + 7)Ua(t; +75) =

)
o0

= [ (1 )P 2 ) + 9(0)) A

if DJ(Q-} € Gg(B(Q)), then

o0

um(D) = BUA(; +7)Xa(5) = [ 079N NI 015 ) ax
—0o0
These formulas imply that
m
(26) H cum(Dl()Q)) =
p=1

:// [H e“tm—tmlM] wo(X, 7, D) <H %k(AMH,A,B(?))) dXj, .dNj,, .
Rm k=1 k=1

Here, N = ALy eos Am); T = (715 s Tm); (1, -, Jm) is such that j; il, (Joy -oes Jm) 18
a permutation of {2,...,m}, and j,,+1 = j1 = 1. For every partition D the function
— . )
©o(-, D@) is a product of some of the functions e’k ~Tikt1)Ak | ¢k Xk and the indicator
functions Ir (), ). Therefore,
¥ = TN _
(27) sup sup |po( A, 7, D) =1
D N7
the function ¢;, (-, A, B(Q)) is one of the following functions: fa, |H*|fa +ga, or H* fa.
— —
Note that, for any A > 0 and a partition D), the set of functions F(A, D®)) =
— —
{o1(,A, D@, . om(-, A, D@} is divided into three classes
Ma(D®) ={p € F(D?): ¢ = fa},
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M(D®) = {p € F(D®): o= H"|fa+ g},
My(D®) = {p € F(D®) : ¢ = [H"|fa).
which satisfy the relations (see (25))
(28) card[M;(D®)] = card[Mo.(D®))],
card[M1(D (2))] + card[My(D (2))] + card[Mo (D (2))]
Conditions H € Ly(R), (2b), and (4b) imply that
(29) Mo(D?®) C Loo(R), Mi(D?®) C Li(R), My(D?) C Ly(R).

Moreover, these embeddings are uniform in the parameter A > 0.
By some algebra, from (23), (24), and (26), we obtain

(30) UM AL A (TLy ooy Tin) =

21\ 2 -
= (CZ) Z/ H‘I’(T) A1 — /\k)] po(X, 7, DP)x

(2) Rm

i <H sﬁk(Ak7A7l-))(2))> AN ...d o,
k=1

where Ayt = M, and BT = (57)F <51 AeR.

Formula (30) shows that cuma, , (71, ... Tm) can be represented as a finite sum of
integrals involving the cyclic products of kernels (see definitions in [8] or [13]). All

kernels are equal to (1), They depend on the parameter T' > 0 and are independent of
the parameter A > 0.

By virtue of (27), for any m € N\ {1,2} and any numbers 7; > 0, j = 1, ..., m, from
(30), we obtain the bound

(31) lcum g 5 (7150, )| <

<(5)'z/-

D(2) Rm

dA1...dAp,
A>O

p|I1 o1\ A, D)
k=1

H M (A1 — A)| s

where A\, 41 = A1.
—
Fix D® . Define
I(T)(3(2)) —

_ / / I1 ‘§><T>(Ak+1 —/\k)‘ I1 ‘@k(/\k,A,l_))(Q))‘ Aoy At = A1
=1 k=1

The next step of the proof is based on the following analog of the Young inequality for
the integrals involving the cyclic products of kernels (see, Theorem 5.2 [13]):

1(D®) <H B 11 el

®j Equ

Here, n € N\ {1,2}; for all n, the set of functions M = {¢1,...,on} becomes the
union of some disjoint sets My, , ..., My,,, where M, ={p € M : ¢ € L, (R)}, ni =
card(My,), k = 1,...,m,and n; > 2; 1 < ¢ < ¢ < ... < g < 00, and ¢ < 2.

- m
We suppose also that @) € N L,, (R), where p1, ..., p,, are the conjugate numbers of
k=1
q1, ---, @m, respectively.
—
To show the convergence of ISR (D(Q)) to zero, we use a special case of the above-stated

inequality, namely Theorem 5.3, Part B [13]. Since m € N\ {1, 2} and



ON ASYMPTOTIC BEHAVIOR OF CROSS-CORRELOGRAM ESTIMATORS 95

(i) for any p € (1, 0], all of kernels ™) satisfy the majorant condition
|21, < 7= C).

where C(p) = \/LQ— %H is a positive constant independent of T" > 0;
g p

(ii) conditions (28)-(29) hold true,

we have
-
(32) D) =0 as T — occ.
Moreover, Tlim [sup 10 (6(2)) = 0. Because the sum in (31) contains a finite number
—o0 [A>0

of terms which satisfy (32) uniformly in the parameter A > 0, then (22) holds true.

Thus, Theorem 4.1 is proved. 0

5. ASYMPTOTIC NORMALITY OF AT,A IN THE SPACE OF CONTINUOUS FUNCTIONS

In addition to Theorem 4.1, it is natural to study the asymptotic normality of our
centered estimator (see (6)) in the space of continuous functions. Assume that Arpa,
T >0, A >0, and A are separable processes. We use the notation C[0, a], a > 0, for the
space of real-valued continuous functions defined on [0, a] endowed with uniform norm.

In what follows, we write Ap a @g] A to denote the weak convergence of the process
A7 a to the process A in the space C[0,a] as (T, A) — oo.

Now we recall some tools related to Gaussian stochastic processes (see, for example,
[10]). Let S be a parameter set. A function p(t, s), t,s € S, is called pseudometric on S,
if it satisfies all axioms of a metric, with the exception for that the set {(¢,s) € S x S :
p(t,s) = 0} may be wider than the diagonal {(¢,s) € S x S : t = s}. We write N,(5,¢)
for the minimal number of closed p-balls of radius € > 0, whose centers lie in S and which
cover S. If there is no finite covering of S, then N,(S,e) = oo. Further, let, as usual,
H,(S,e) =log N,(S,¢) be a metric entropy of the set S with respect to p. For any § > 0,
the inequality [ n Hf (S,¢e) de < oo is always interpreted in the sense that, for some (and,

u
hence, for all) u > 0, we have [ Hf(S, €)de < 0.
0

Consider the function

o0 2
o(r) = | [ sin? DH WP + 00| 70
— 00
Since H € Ly(R) and g € L1(R), this function is well-defined and generates the following
two pseudometrics: o(m1,72) = (|11 — 12|) and /o (71, 72) = /o(r, ™), 11,72 > 0.
Note that if H*(A\) # 0 and g(\) # 0 simultaneously on the set of positive Lebesgue
measure, then o and /o are metrics. For all € > 0, put H,(¢) = Hy([0,1],¢), H /() =
H /z([0,1],¢). Since the pseudometrics o and /o depend on |1, — 72| only, one has

/Hf(e)dz—:<oo<:>/ H([0,a], ) de < oo;
0+ 0+

/ H\/;(z-:)de<oo<:>/ H 5([0,a],€) de < o,
0+ 0+

for any a > 0 and 8 > 0.

In the theorem below, we state the sufficient conditions for the continuity almost
surely of the processes Ar A and A and for the weak convergence of Ar A to A in C|0, a]
as (T, A) — oo.
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Theorem 5.1. Assume that H € La(R), g € L1(R), and
(33) / Ho(e) de < ox.
0+

Then, for any a > 0, the following statements hold true:
I) A € C[0,a] almost surely;
II) Ap A € C[O a] almost surely;
III) ATA A as (T,A) —
In particular, for all x >0 and a > 0,

lim P4 sup |Ara(7T)|>zp=Pq sup |ArT)| >z
(T,A)—o0 {TE[O,a]l el } {re[o,a]| ()‘

Remark 5.1. Statement I) of Theorem 5.1 holds true under a weaker condition than (33),
namely

(34) /0+ HE (¢) de < oo.

Note that (34) always holds if there exists 8 > 0 such that (see [15])
o0
/ ([H*(N]* + g(N) log" ™ (1 + \) d\ < oo.
0
Remark 5.2. Condition (33) holds if there exists 8 > 0 such that (see [13])

[ 0 + 900 1081+ 0 ah < o
0

To prove Theorem 5.1, we need some auxiliary statements. First of all, consider the

following relation between pseudometrics o and +/o. Since, for all 71,75 > 0,
1

) ot < | max otnim)| VA < (1B + o] VA )

T1,T2>
condition (33) yields [, Ho(e)de < oo, which implies (34).
For all T > 0, A > 0, we introduce a family of pseudometrics
1
pir.a) (11, 72) = (E[Ara(r2) — Apa(2)|?)?, m1,72 > 0.
Lemma 5.1. Assume that H € La(R) and g € L1(R). Then the inequality

(36) per,a)(T1,T2) <
W2r M . 1 o\ 2
< S (QUUETIE+ lglh)® + MIE2) " Vo(r,m), 7 >0,

holds for all T > 0, A > 0. Here, c is the constant from (2d), M = sup || falleo, and
A>0

Q = max{M, 1}. Moreover, the pseudometric pir ay is continuous with respect to the
pseudometic o.

Proof. From (7), applying the Cauchy—Schwarz inequality, the Young inequality for con-
volution [16], and the fact that |®r|; = 1, we obtain

p(2T,A)(T1a 72) = E[Ap a(12) — Ap a(m)? <

MQ/ / sin (m=n)k 2HIH* ) + 9(02)) @7 (M — A2) dhidAo+
+om MQ/ / sin T2 270X pre 3 O0) [ B (A1 — Ao) dAads <

—00 —00
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=

2

8T N 1 Vi . (e —T1)A N
< ZarQ B+ lglh)* | [ in ZER ()P +900) iy +
8 T A
+C—72TM2/ sm% \H*(\o)| [H* * @] (Ao) do.

Since g is a nonnegative function defined on R, we have

8m . 1 T . 9 (o —T1)A . ’
i (miom) < Z00Q (i B+ glh) | [ st BT (e 4 g00) an |+
N ) :
+i—§M2||H**q>T||2 /m@‘ |H*(\))2dA| <

8 " 1 *
< M (QIH 3+ llgh)* + MIH|2) o(r1, 7).

The latter implies (36). Note that this inequality is uniform in 7' > 0, A > 0. O

Proof of Theorem 5.1. By the Dudley’s theorem on the continuity of Gaussian processes
[15], statement I) of Theorem 5.1 holds if, for any a > 0,

(37) /M HE ([0,a],€) d < oo,

1
where da(m1,72) = (E|A(72) - A(71)|2) 2,

In calculations below, we use the notation B = max{1, Z}. Applying the Cauchy—
Schwarz inequality to (8), we obtain, for all 71,72 > 0, that

d4(11,72) < % / ‘sinw‘ (|H*(/\)|2 +9(>\)) dA <

4B . 1
s — (1EH* 15+ [lgll) > o (71, 72).
1
Formula (37) holds true if [, 4 Hé(g) de < oo. The last condition follows from (33). Thus,
we proved statement I); that is, the process A is continuous on [0, a] almost surely.
Since the process Ar a is quadratically Gaussian, we have, by Theorem 6.2.2 [10] for
any T'>0, A>0:

(38) sup sup Eexp
T,A>071,72>0

A —A

[Ar.a(m2) = Ara(m)l | _
VB8 p(z,a)(T1,72)

From the Lebesgue dominated convergence, it follows that the pseudometric /o is con-

tinuous with respect to the metric d(71, 72) = |71 — 72|. By Lemma 5.1, the pseudometric

(39) Poo(T1,T2) = sup p(ray(11,72), 71,72 € [0,4a,
T,A>0

)

is continuous with respect to the metric d.
By inequality (36), the condition (33) implies that, for any a > 0,

v
(40) lim sup / Hjr.a) ([0,a],€) de = 0.
ul0T,A>0.J0 ’
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Relations (38)-(40) satisfy all the conditions of Lemma 4.2.1 [10]. Thus, statement IT)
of Theorem 5.1 holds true. Moreover, for any € > 0 and any a > 0,

(41) lim sup P sup |Ara(m) —Ara(m)] >ep =0.
h10 T A>0 ‘71s72€[‘0,a]
r1—To|<h

Theorem 4.1 together with (41) satisfy all the conditions of the Prokhorov theorem
on the weak convergence of stochastic processes in the space C[0,a] (see [10]). Thus,
statement IIT) of Theorem 5.1 holds true. O
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