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ON SOME GENERALIZATIONS OF THE POLLACHEK–KHINCHINE

FORMULA

For the skip-free Poisson process ξ(t) (t ≥ 0, ξ(0) = 0),

ξ(t) = at + S(t), a < 0, S(t) =
�

k≤ν(t)

ξk, ξk > 0, ξ(0) = 0,

where ν(t) is a simple Poisson process with intensity λ > 0, the moment generating
function (m.g.f.) of ξ+ = sup0≤t<∞ ξ(t) is defined by the well-known Pollachek–

Khinchine formula under the condition m = Eξ(1) < 0 (see [1-3]).
For a homogeneous process ξ(t) with bounded variation, we establish prelimit and

limit generalizations of this formula, which define the m.g.f. of

ξ+(θs) = sup
0≤t≤θs

ξ(t), ξ+ = lim
s→0

ξ+(θs)
�
P{θs > t} = e−st, s > 0

�
.

These generalizations are essentially based on the condition P{τ+(0) = γ+(0) =
0} = 0, where (τ+(0), γ+(0)) is the initial ladder point of ξ(t) (t ≥ 0, ξ(0) = 0).

Some another relations for the m.g.f. of ξ+(θs) and ξ+ are established for the
general lower semicontinuous process ξ(t) on the base of results in [3-5].

1. Introduction

Let ξ(t) be a lower continuous compound Poisson process with cumulant function
ψ(α) :

Eeiαξ(t) = etψ(α), t ≥ 0; ψ(α) = iαa + λ(ϕ(α) − 1),

a < 0, λ > 0, ϕ(α) = Eeiαξk , F (x) = P{ξk < x}, x ≥ 0, F (x) = 1 − F (x).

Under the condition

m = Eξ(1) = a + λµ1 < 0, µ1 = Eξk, F (0) = 0,

the moment generating function (m.g.f) of ξ+ = sup0≤t<∞ ξ(t) is defined by the classic
Pollachek–Khinchine formula

Ee−zξ+

=
p+

1 − q+F̃ (z)/µ1

, p+ = P{ξ+ = 0} = 1 − q+, F̃ (z) =

∫ ∞

0

F (x)e−zxdx. (1)

At first, we consider the process ξ(t) with a bounded variation

ψ(α) = iαa +

∫ ∞

−∞

(eiαx − 1)Π(dx),

∫

|x|≤1

|x|Π(dx) < ∞, a ≤ 0, (2)

and denote its extremal values and ladder points as

ξ±(t) = sup(inf)
0≤t′≤t

ξ(t′), ξ± = sup(inf)
0≤t<∞

ξ(t), τ−(−x) = inf{t > 0 : ξ(t) < −x},

τ+(x) = inf{t > 0 : ξ(t) > x}, γ+(x) = ξ(τ+(x)) − x, x ≥ 0.

P
{
τ+(x) < ∞

}
= 1, if m ≥ 0, P

{
τ+(x) < ∞

}
< 1, if m < 0.
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