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OMAR GLONTI AND ZAZA KHECHINASHVILI

GEOMETRIC GAUSSIAN MARTINGALES WITH DISORDER

We propose the scheme of a geometric Gaussian martingale with “disorder” as a
model of a stock price evolution and investigate the problem of finding a forecasting
estimation optimal in mean square sense within this scheme.

1. INTRODUCTION AND MODEL

We investigate a stochastic process in discrete time described by geometric Gaussian
martingales with “disorder” and consider it as a model of stock price evolution. At first,
we analyze this scheme and show that the kurtosis coefficient of a logarithmic return is
positive for any moment of time, as it is usually true for real financial time series. Then
we find a forecasting estimation of stock prices which is optimal in mean square sense.

Such a kind of models with disorder was considered in [1,2,6], where we study problems
of constructing the minimal relative entropy martingale measures.

On the probability space (2, F, (Fn)o<n<n, P), we consider the following real-valued
stochastic process in discrete time as a model of stock price evolution:

(1) Sy = Sp_1exp{I(0 > n)AMY + I1(0 < n)AMP}, Sy >0,

where Sy > 0, M) = (M,(ll)) and M) = (M,(f)), n=1,2,..., N, are the independent
Gaussian martingales with quadratic characteristics (M (1), = E(M,(ll))2 and (M®), =
E( y(LQ))Q, respectively, 6 is the random variable which takes the values 1,2,..., N with
known probabilities m; = P(6 = i), 1,2,..., N and represents the random disorder
moment, M™ and M® are jointly independent of 6, i.e. the vector (M(l),M(Q)) is
independent of §, and I(A) is an indicator of A € F.

2. COEFFICIENT OF KURTOSIS

From (1), the logarithmic return of stock for our model, h,, = In Sfil ,n=1,2,...,N,
is as follows:
hn = 1(0 > n)AM 4+ 1(0 < n)AM?.
It is clear that
h2 =1(0 > n)[AMUY)? + 1(6 < n)[AM?]?
and
ht =100 > n)[AM* +1(6 < n)[AMP]E
We now find a representation of the coefficient of kurtosis (excess) of h,, n =
1,2,...,N.
Note that, in our model, M) = (M,(ll),}'n) and M) = (M,(lz),]-"n) are the in-
dependent Gaussian martingales with square characteristics (M (1)), = E(My(bl))2 and

(M®), = E(MT(LQ))Q, respectively, and are independent of the disorder random moment
6.
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Therefore,
(2) Eh, =0,
Eh2 = E[I1(0 > n)[AMV]2 + 1(6 < n)[AMP)?] =
(3) E[E[I(0 > n)[AM{]2 4+ 1(0 < ) AMP]2] /6] =
E[I(6 > n)E[AMV]2/6) + E[1(0 < n)E[AMY)2/6] =
AMDY, PO >n)+AM®P), PO <n),
” Eht = EIAM{V1*P(0 > n) + E[AMSP)P(6 < n) =

3[AMM),2P(0 > n) + 3[A(MP),]2P(0 < n).
The kurtosis coefficient of h,, is
Eni
(ER2)?
Substituting EhZ and EhZ} from (3) and (4) in (5), we obtain
BAMM), 2P0 > n) + 3[AMD), 2P0 <n)
([AMD)p]P(0 > n) + [A(M ), P(0 < n)]2

(5) K, =

Denote

" (M),
Then it follows from (6) that
K, =3{P>n)+a2P(>n)—[PO<n)*-

2a, P(6 > n)P(0 < n)} — aZ[P(6 < n)][P(0 > n)+
an,P(0 <n)]=2 =3{P(0 >n)PH < n)+
a2P(0 <n)P(0 >n) —2aP(0 <n)P(@ >n)}[P(O >n)+

3{PO>n)PO <n)(1—ay,)?

[P( >n)+a,PO<n)?

If, for any n, a, # 1, then we have from (8) that K, is positive for each n, n =
1,2,...,N. For example, a,, # 1 if (M®),, = n and (MP),, = an, where a is some
positive constant. In the case without disorder, we have (M), = (M®), and the
coefficient of kurtosis K,, = 0 for any n, because a,, = 1 in this case.

It is known (see [4],[5]) that, for real financial time series, the empirical kurtosis
coefficient of a logarithmic return

PRNNED v (TS U
G o (e =)

where h,, = % >r_y hi is usually positive.

P(6 < n) 2=

3. OPTIMAL FORECASTING

We consider the problem of finding the optimal in mean square sense forecasting
estimation of a stochastic process S described by (1).
In sequel, we use the following trivial fact:

1=1I0<(n—-m)+1)+I0@=n—-—m)+2)+ ---+10=n—1)+

©) 10 =n)+I(6 > n),
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n<m,n=12...,N.

From (1) and (9), we obtain
Sn = Sn—m XP[3 4 ()41 Fk] = Sn—m exD{[X25_ (41 Pkl X
TO<(n-m)+1)+I0=Mn-m)+2)+---+I10=n-1)+
I0=n)+1(0>n)} =
Sn—mexp{I(0 < (n—m) + 1) s AM+
10 = (n—m) + 20y 1 AME + AMM] -
10 =n-D)AM?, +AMP + 5070 AMY)+
1O =n)[AMP + 5070 o AM©Y)+
1(60 > n) ZZ:(n—m)+1 Mzil)}

Relation (10) yields

S = Sl 1(0 < (n—m) + 1) exp[S s AM]+
10 = (n —m) +2) exp[ 0y n AML + AMOP] 4+
(11) I(0=n—1)exp[AMP, + AM‘2> Sty AMV]+
I(0 =n) eXp{AM(2 + > e (n—m)+1 AM(1 H+
I(0 > 1) 3k (n-m)+1 AMkl)}-

From (11), the m-optimal forecasting optimal in mean square sense has the form
Sy = E(Sn/F5 ) = Snm[P(O < (n—m)+1)/F5  ]x
exp{3 Si_ i1 ADLD)} + PO = (0 —m) +2)/F5_,
exp{[5 S0y i1 ALY ) + AL} +-

P(0 = (n—1)/F5_.) exp{3[AM2)) + A<M<2 )+

Z‘?n w1 A + P(0 = n) exp{3 [0ty 1 MM+
AN} + P(0 > n/FS ) expld Y mypr AN

Here, we use the fact that M) and M2 are independent Gaussian martingales and
are jointly independent of 6 as well.

It is clear from (12) that, in order to solve the forecasting problem, it is necessary
to ﬁnd the conditional probabilities PO < (n—m)+1/F5 ), PO = (n—m)+

We denote P(0 —n/]-"rs) P n=012...,N;r=0,1,2,... N.

It is clear that, for each n, F5 = F! where F7 = o{So,51,...,59,} and F! =
O’{ho7 hl, ceey hn}

Using the Bayes formula

(10)

(12)

P(hl,hg,...,hn/r)ﬂ'g
Zi\il P(hl,hg, .. ,hn/l)ﬂ'z

where P(z1,%2,...,%n/T) = Phy ho,... h, (T1,T2,...,2,/0 = 1) is the conditional density
probability function of a random vector (hy,ha, ..., hy), taking the condition {6 = r}
into account, and performing direct calculations, we obtain the following result.

P(@/h1,hay ..., hy) =
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Lemma 1. If r < n, then

Tt
13 pr=-""
(13) 7= T
and if r > n,

TnUnp—1
14 pr—nm-
(14) 7= Tt
where

P (1)(h1)P (1)(h2) P, (1)(hk)

P (2)(hz)P (2)(h2) P (2)(hk)’
ASk

Uy =

(15)

UO—]. hk—ln

(16) B =aMP, i=1,21=12,..NiL = > mui_1 + (1 - I,)u,.

i=1

Here, II, = P(f < n) and
22

(17) P

1
- l=1,2,.. .k i=1,2.
b TNIDTAE 2A<Mz>}

We can obtain this result also using the method developed in [3], because the problem
of finding P belongs to the general filtered probability—statistical experiment framework.
We now construct the optimal in mean square sense m-step forecasting estimation of

S: 8, (m) = E(S;/F5_,).
Theorem 1. The optimal forecasting estimation of S has the form
Sn(m) = Sn- m[zk L P expl3 X o AN+
Pr=m expl [0, (nomyr1 AM D) + AMP), )]+
(18) B” f”exp[%[zk—(n_mm AMV )+ AMP), 1+
AMP) ]+ -+ PLT o explg[AM D) g1+
hor A )]+ SR P explg Yoy AM @),

where P'~" are determined from formulas (16),(17), and (18).

Proof. From (12), using notations (13) and results of Lemma 1, we obtain immedi-
ately (19).

Corollary. The one-step (m = 1) optimal estimation of S is

N n
(19)  Su()=Sual 30 Bl exp{ZAM D)+ ST P e {5AM®), )]
k=n+1 k=1

If A(M®M) =a >0 and A(M®) = 1, then relation (20) yields

5.0 = Suslopl ) S0 A el }ZP" !

k=n+1

Remark. The problem of finding the minimal entropy martingale measure within
our model (1) is investigated in [6].
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